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In this paper we study an elliptic linear operator in weighted Sobolev spaces and
show existence and uniqueness theorems for the Dirichlet problem when the
coefficients are given in suitable spaces of Morrey type, improving the previous
results known in the literature.  2001 Academic Press
INTRODUCTION
In this paper we are concerned with the Dirichlet problem
Lu f
1Ž .2 1˚uW  W Ž . Ž .q q
for the uniformly elliptic second order linear differential operator
n n
Lu a u  a u  au 2Ž .Ý Ýi j x x i xi j i
i , j1 i1
in an unbounded open subset  of Rn, n 3, with f belonging to a
2 2 Ž .weighted L -space, denoted by L  .q
Here we search for solutions u in weighted Sobolev spaces, denoted by
2Ž .W  , assuming that the leading coefficients a , i, j 1, . . . , n, areq i j
Ž .essentially bounded and the matrix a is symmetric and positive definite,i j
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whilst the lower order coefficients a , i 1, . . . , n, and a are locallyi
integrable.
	 
 	 
In a previous paper 4 , by using the embedding results of 6 and the a
	 
priori bounds of 12 , an existence and uniqueness result has been proved
Ž .for the problem 1 , when
n
taM  t 2 if n 3, t 2 if n 4, t if n 4 ,Ž . ž /2
ess inf a 0,

under the assumptions
a convergent at infinity,i j
na M  , i , j, k 1, . . . , n ,Ž . Ž .i j 0xk
na M  , i 1, . . . , nŽ .i 0
tŽ . nŽ .where M  and M  are the so-called spaces of Morrey type defined0
	 
in 8 .
In the present paper, by using another class of spaces of Morrey type,
	 
 p, Ž . 	 
introduced in 10 and denoted by M  , and a priori estimates of 3 ,
we are able to show that the same holds true, only assuming
a M s , ns  , i , j, k 1, . . . , nŽ . Ž .i j 0xk
s , nsa M  , i 1, . . . , n ,Ž .i 0
Ž 
for some s 2, n .
The proof requires the following technical equipment to be developed
for the purpose:
 Ž 	 
.boundedness and compactness results see 10 for the multiplica-
tion operator
uW 1   gu L2  ; 3Ž . Ž . Ž .q q
 a priori bounds for the perturbed problems
Lu u f
4Ž .2 1˚uW  W Ž . Ž .q q
and continuity method to get existence and uniqueness;
 Ž .Fredholm theory and results for problem 1 in the case q 0, i.e.,
in Sobolev spaces without weights.
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1. NOTATIONS AND WEIGHTS
We use the notations
n   4B x , r  y R y x  r , B  B 0, r ;Ž . Ž .r
    pu  u ;p ,  L Ž .
1212n n
2 2   u  u , u  u ;Ý Ýx x x x x xi i jž / ž /
i1 i , j1
  1 , p    u  u  u ;W Ž . p ,  p , x
  2 , p      u  u  u  u ,W Ž . p ,  p ,  p , x x x
where we omit the summability exponent if p 2.
	 
 Ž .As in 4 we denote by A  the class of all measurable functions  :
 R such that
 xŽ .
sup log ;
 yŽ .x , y
Ž Ž ..xB y ,  y
i.e., for some  R
1 y   x   y  y and  x B y ,  y ,Ž . Ž . Ž . Ž .Ž .
1.1Ž .
e.g.,  Lipschitz-continuous with Lipschitz constant  1.
Ž .We recall that a function  A  is bounded on the bounded subsets
of , since
  x  a b x , 1.2Ž . Ž .
with a R and 0 b 1.
Ž .In particular we will employ functions  A  which are restrictions
Ž n.of functions   A R such that0
inf   0, lim  x ; 1.3Ž . Ž .0 0
  x
e.g.,
 1 x
 x  .Ž .0 2
pŽ . 	 .Now we can define the weighted space L  , p 1, , q R, asq
the space of all measurable functions g :  R such that
  p  q g   g .L Ž . p , q
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Ž 	 Ž . Ž .
. Ž .From well known results see 9, 26 , 27 and 1.1 we can find
c , c  R such that1 2 
c  qn y   q x 	 x , y dx c  qn y 1.4Ž . Ž . Ž . Ž . Ž .H1 0 0 a 2 0
nR
for every y Rn and 0 a 1, where
I x  B x , a xŽ . Ž .Ž .a 0
1 if y I x ,Ž .a
	 x , y Ž .a ½ 0 if y I x .Ž .a
	 . Ž 
 pŽ .LEMMA 1.1. Let p 1, , q R, a 0, 1 . If g L  B forr
each r R , then the properties are equialent

pŽ .g L  ;q

qn pŽ . Ž .  G x   x g p, I Ž x .0 0 a
pŽ n.belongs to L R , where g is the zero extension of g outside . Furthermore0
there exist k , k  R such that1 2 
  p   n   pk g  G  k g .L Ž . p , R L Ž .1 2q q
Proof. It is a consequence of the relation
pp p qn
n G  g y  x 	 x , y dx dyŽ . Ž . Ž .p , R H H 0 až /n R
Ž .and of inequalities 1.3 .
pŽ . k , pŽ .As above for L  we define the weighted Sobolev spaces W  ,q q
pŽ .k 1, 2, of the functions u L  with distributional derivatives suchq
that
  1 , p  q   q u   u   u ,W Ž . p ,  p , xq
  2 , p  q   q   q u   u   u   u ,W Ž . p ,  p ,  p , x x xq
where again we omit the summability exponent if p 2.
Ž . Ž n.We denote by D E the class of functions 
 C R such that0
˚ k kŽ . Ž . Ž .supp 
 E and by W  the closure of D  in W  . If kN , weq q 0
k k˚Ž . Ž Ž ..denote by W  resp. W  the space of all functions such thatloc loc
k k˚
 uW  resp. 
 uW  
D  .Ž . Ž . Ž .Ž .
Remark 1.2. Since  is bounded on the bounded subsets of  and 1
Ž . Ž . p pis bounded on  by 1.2 and 1.3 , then for any q R we have L  Lq
on the bounded subsets of .
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Hence
k kW  W  , 1.5Ž . Ž . Ž .q loc
k k˚ ˚W  W  . 1.6Ž . Ž . Ž .q loc
	 
From 4 we recall
LEMMA 1.3. If  has the segment property, then for any kN and for0
any q R we hae
k k k˚ ˚W  W  W  . 1.7Ž . Ž . Ž . Ž .q loc q
Ž n.We can also replace   A R with equivalent regular function  0 0
Ž n.A R in the sense of the following
	 
 Ž n. Ž n.THEOREM 1.4 11 . If   A R , there exist a function   A R 0 0
Ž n.C R and constants c , c , c  R such that1 2 3 
c  x   x  c  x  x RnŽ . Ž . Ž .1 0 0 2 0
and
c3
       c ,   c ,   .0 3 0, x 3 0, x x 0
2. PROPERTIES OF THE MULTIPLICATION OPERATOR
p, Ž .WITH MULTIPLIERS IN M 
p, Ž .At this stage we introduce the spaces of Morrey type M  of the
pŽ .functions g L  B for each r R such thatr 
  p ,    g  sup r g , 2.1Ž .M Ž . p ,  BŽ x , r .
x
0r1
Ž .equipped with the norm defined in 2.1 , where 0  n and 1 p
.
	 
These spaces have been introduced and largely studied in 10 , together
with the subspaces
˜ p ,   p , M   closure of L  in M  ,Ž . Ž . Ž .
M p ,    closure of D  in M p ,   .Ž . Ž . Ž .0
We also omit the exponent  if  0.
	 Ž .
From 10, 1.2 , we deduce the following
Remark.
M nM s , ns , 0 s n ,
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with equality for s n, but strict inclusion if s n. In fact, if we consider
1
g x  ,Ž .
 x
s, nsŽ n. n Ž n. nŽ n.we have gM R , 0 s n, but g L R and so gM R .loc
Hence M s, ns is really larger than M n.
s, nsŽ .THEOREM 2.1. If  has the cone property and gM  , 1 p
1, pŽ .s n, then for any q R and uW  we haeq
  p   s , ns   1 , pgu  c g u , 2.2Ž .L Ž . M Ž . W Ž .q q
where c R is independent of g and u.
	 Ž .
Proof. Applying 10, Theorem 3.3 and 2.11 , we obtain
p qn   p x g u dxŽ .H p , I Ž x .0 0 1nR
  p s , ns p qn   p 1 , p c g  x u dxŽ .M Ž .H W Ž I Ž x ..0 1nR
and by means of Lemma 1.1 we get the result.
˜ s, nsŽ .COROLLARY 2.2. If gM  , 1 p s n, in Theorem 2.1,
Ž .then for any  R there exists c   R such that 
  p   1 , p   p 1, pgu   u  c  u uW  . 2.3Ž . Ž . Ž .L Ž . W Ž . L Ž . qq q q
	 
Proof. Proceeding as in 10, Corollary 3.4 , by density there exists
Ž .g  L  such that

s , ns g g  , 2.4Ž .M Ž . c
Ž .where c is the constant of 2.2 , and the result follows from Theorem 2.1,
since
pp p   gu  g g u  g u . 2.5Ž . Ž .Ž .L L Ž . L Ž . qq q
s, nsŽ .COROLLARY 2.3. If gM  , 1 p s n, in Theorem 2.1,0
Ž .then for any  R there exist c   R and an open set   with  
the cone property such that
  p   1 , p   p 1, pgu   u  c  u uW  . 2.6Ž . Ž . Ž .L Ž . W Ž . L Ž . qq q q 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 Ž .Proof. Proceeding as in 10, Corollary 3.5 , we can choose g D 
Ž . Ž . Ž .satisfying 2.4 and so deduce from 2.5 a better estimate than 2.3 ; i.e.,
  p   1 , p   pgu   u  c  u , 2.7Ž . Ž .L Ž . W Ž . L Ž K .q q q 
with K compact . Therefore we get the result, letting   
1Ž . Ž Ž .. B x, h , with radius h  0, dist K ,  .x K   2
s, nsŽ .THEOREM 2.4. If  has the cone property and gM  , 1 p
s n, then for any q R the multiplication operator
uW 1, p   gu L p Ž . Ž .q q
s, nsŽ .is bounded; if in addition gM  , 1 p s n, then it is also0
compact.
Proof. The boundedness is provided by Theorem 2.1.
The compactness is a consequence of the boundedness of the injections
u L p   u L p Ž . Ž . q 
uW 1, p   uW 1, p Ž . Ž .q  
Ž .in a bounded open subset  of  see Remark 1.2 , and of the
compactness of the injection
uW 1, p   u L p Ž . Ž . 
Ž 	 
.by the RellichKondrachov theorem see 2 .
	 
 Ž 	 
.From 6 , e.g., see 4, Lemmas 3.1, 3.2, 3.3 we also deduce
tŽ .THEOREM 2.5. If  has the cone property and gM  , with t
nŽ .max 2, , t 2 if n 2k, then for any q R the multiplication operatork
uW k   gu L2 Ž . Ž .q q
is bounded, and
  2   t   kgu  c g u ; 2.8Ž .L Ž . M Ž . W Ž .q q
tŽ . Ž .if in addition gM  , then for any  R there exist c   R and an0  
open set   such that
  2   k   2gu   u  c  u 2.9Ž . Ž .L Ž . W Ž . L Ž .q q q 
and so, arguing as in the proof of Theorem 2.4, the multiplication operator is
compact.
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3. ASSUMPTIONS AND A PRIORI BOUNDS
In this section we establish a priori estimates for the perturbed operator
uW 2   Lu u L2  ,Ž . Ž .q q
where
n n
Lu a u  a u  auÝ Ýi j x x i xi j i
ij1 i1
Ž .as defined in the introduction 2 .
Ž .We will make use of the assumptions i for the unbounded open subset1
Ž . Ž ., i for the coefficients of the operator L, and i for the perturbations2 3
 :  R , as listed below.
Ž . 2i  has the uniform C -regularity property, according to Adams1
	 
  41 ; i.e, there exist a locally finite open cower U of  and a sequence ofj
2 2Ž . Ž .one-to-one transformations 	  C U ; B with inverses   C B ; Uj j 1 j 1 j
such that

 B   x , dist x ,    for some  R ; 4Ž .Ž . j 12  
j1
every collection of N 1 of the sets U has empty intersection for somej
Ž . Ž . 4N ;  U   x , . . . , x  B : x  0 for each j ;j j 1 n 1 n
 x ,  x ,  x M  xU ;Ž . Ž . Ž .j j , x j , x x j
 y ,  y ,  y M  y B .Ž . Ž . Ž .j j , y j , y y 1
Ž .i 2
n
2 n a      a.e. in   R , for some  R ; 3.1Ž .Ý i j i j 
i , j1
a  a  L  , i , j 1, . . . , n; 3.2Ž . Ž .i j ji
˜ s , ns 
a , a M  , i , j, k 1, . . . , n , for some s 2, n ;Ž . Ž . Ži j ix k
3.3Ž .
n
t˜aM  , where t 2 if n 3, t 2 if n 4, t if n 4.Ž .
2
3.4Ž .
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˜ t ˜ s, nsŽ . Ž . Ž . Ž .i M  , with t as in 3.4 ; M  :    , with s3 x
Ž .as in 3.3 ; for instance,
1
 1 or  x  ,  R .Ž .  2 1 xŽ .
Ž .LEMMA 3.1. If  has the cone property, a  L  , i, j 1, . . . , n,i j
s, nsŽ . tŽ .a M  , 2 s n, i 1, . . . , n, a, M  , t 2 if n 3,i
nt 2 if n 4, t if n 4, then for any q,  R the operator2
uW 2   Lu u L2 Ž . Ž .q q
is bounded.
Proof. It is a consequence of Theorems 2.4 and 2.5.
Remark 3.2. In particular the conclusions of Lemma 3.1 hold true if
Ž . Ž . Ž .the assumptions i , i , and i are verified.1 2 3
	 
We need the two following a priori bounds from 3 .
Ž . Ž . Ž .LEMMA 3.3. If the assumptions i , i , and i are satisfied and1 2 3
essinf  0, then there exist  , c  R such that 0 0 
2 ˚ 12   u  c Lu u uW  W  , 3.5Ž . Ž . Ž .W Ž . 2, 0
for eery   .0
Ž . Ž . Ž . 1  Ž .LEMMA 3.4. If the assumptions i , i , i are satisfied,   L  ,1 2 3 loc
and in addition
a M s , ns  , with s as in 3.3 , i , j, k 1, . . . , n , 3.6Ž . Ž . Ž . Ž .i j 0xk
a M s , ns  , with s as above, i 1, . . . , n , 3.7Ž . Ž .i 0
a a a ,
where
aM t  , with t as in 3.4 , 3.8Ž . Ž . Ž .0
essinf a   0, for some  R , 3.9Ž . Ž .

again then there exist  , c  R such that0 0
2 ˚ 12   u  c Lu u uW  W  , 3.10Ž . Ž . Ž .W Ž . 2, 0
for eery   .0
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By means of the previous results we can show the following
THEOREM 3.5. Assuming the conditions of Lemma 3.3 or Lemma 3.4
then for each q, m R and   , if we hae 0
2 1 2˚uW  W   L Ž . Ž . Ž .loc loc m
3.11Ž .2Lu u L  ,Ž .q
2Ž .we can deduce that uW  andq
  2   2u  c Lu u , 3.12Ž .W Ž . L Ž .q q
where c R is independent of u and .
  Ž n.Proof. Let r, r  R be such that r r  1, and 	D R such
that
 	  1, supp 	 B ,B rr
1 2      sup 	 M , sup 	 M r  r , sup 	 M r  rŽ . Ž .x x x
n n nR R R
Ž 	 
.see 4, proof of Theorem 4.1 .
For each y Rn we define
x y
 x  	Ž . ž / yŽ .0
Ž . Ž .and so we can apply 3.5 or 3.10 to get the local estimate
2  u  c L  u   u . 3.13Ž . Ž .W Ž . 2, 0
Since
n n n
L  u  Lu u a   2 a  u  u a  ,Ž . Ý Ý Ýi j x x i j x x i xi j i j i
i , j1 i , j1 i1
Ž . Ž .from the properties of  and the coefficients of L, using 1.3 , 2.2 , and
standard interpolation inequalities, we obtain
  2u W Ž I Ž y ..r
122 12 1      2 c r  r Lu u   y u u ,Ž . Ž . 2, I Ž y . 2, I Ž y . 0 W Ž I Ž y ..r r r
3.14Ž .
whence
22     u  c Lu u   y u 3.15Ž . Ž .W Ž I Ž y .. 2, I Ž y . 2, I Ž y .012 1 1
Ž 	by means of a well known monotonicity result of Miranda see 7, Lemma

.3.1 .
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By virtue of the equivalence stated in Lemma 1.1, the integration over
n 2 qnŽ .R weighted by  y yields0
  2   2   2u  c Lu u  u . 3.16Ž .Ž .W Ž . L Ž . L Ž .q q q2
	 
 Ž .So arguing as in 4, proof of Theorem 4.1 , then from 3.11 we deduce
2Ž . Ž . Ž .  Ž . Ž .that uW  and from 2.6 or 2.9 , since  L  by 1.2 , weq loc
have
  2   2  u   c Lu u  u , 3.17Ž . Ž .Ž .W L Ž . 2, q q 0
where  is an open set .0
	 
 Ž 	Finally, proceeding along the same lines of Viola 13 see also, 4,

. 1  Ž .Corollary 4.1 , by means of the boundedness of L and   L  , weloc
Ž .get inequality 3.12 .
4. EXISTENCE AND UNIQUENESS RESULTS
Now we are in position to state the following existence result for the
perturbed problem with large values of .
THEOREM 4.1. Assuming the conditions of Lemma 3.3 or Lemma 3.4,
for any q R there exists   R such that the Dirichlet problem1 
Lu u f
4.1Ž .2 1˚uW  W Ž . Ž .q q
2 Ž .is uniquely solable for eery f L  and   .q 1
Proof. For  R such that   of Theorem 3.5, we consider the 0
operator
F  4.2Ž .
if we assume the conditions of Lemma 3.3,
F a  , 4.3Ž .
if we assume the conditions of Lemma 3.4.
	 Ž .
In 4, 5.2 it has been already observed that for a sufficiently large
 R the equation
Fu f 4.4Ž .
2 ˚ 1 2Ž . Ž . Ž .admits a unique solution uW  W  for every f L  .q q q
Since the operators
	 
E   1  F  L  , 0  1,Ž . Ž .
satisfy, for a sufficiently large , a uniform a priori bound
2 12 ˚2  	 
u  c E  u , uW  W  , 4.5Ž .Ž . Ž . Ž . Ž .L W Ž . q q qq
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with c independent of u and  , by virtue of Theorem 3.5, then the
Ž 	 
.continuity method see 5 yields the result,
	 
 	 
E 0  F , E 1  L  .
Ž . Ž .THEOREM 4.2. Suppose that conditions i and i hold, together with1 2
Ž . Ž . Ž .the assumptions on the coefficients 3.6 , 3.7 , and 3.8 .
Then the operator
2 ˚ 1 2uW  W   Lu L Ž . Ž . Ž .q q q
is a Fredholm operator with index equal to zero.
Ž . Ž   2 .Proof. Choosing  x  1 1 x , we can satisfy the assumption of
Lemma 3.4 and so apply Theorem 4.1 to deduce that the problem
Lu  u f1
4.6Ž .2 1˚uW  W Ž . Ž .q q
2 Ž .is uniquely solvable for every f L  .q
tŽ .But M  , with t as required by Theorem 2.5, and so the operator0
uW 2    u L2 Ž . Ž .q 1 q
is compact, whence a classical argument of Fredholm theory concludes the
proof.
Ž . Ž .THEOREM 4.3. Suppose that the conditions i and i hold, together1 2
Ž . Ž .with the assumptions on the coefficients 3.6 , 3.7 , and essinf a 0.
Ž .Then for each q R the problem 1 , i.e.,
Lu f
4.7Ž .2 1˚uW  W  ,Ž . Ž .q q
2 Ž .is uniquely solable for eery f L  .q
Proof. Having at our disposal Theorem 4.2, again by virtue of Fred-
holm theory it is sufficient to show the uniqueness.
2 ˚ 1Ž . Ž .For this purpose, let uW  W  be such that Lu 0.q q0 0
Ž . 2Ž .If q  0, it is evident from 1.3 that uW  .0
Ž . Ž  .If q  0, choosing  x  1 1 x with q  1, the assump-0 0
Ž .tions of Lemma 3.4 for  are satisfied. Substituting  x with an0
Ž . Ž n. Ž n. Ž .equivalent function  x  A R  C R see Theorem 1.4 we have0
q0 2Ž . Ž . q0 tŽ .that  uW  , whilst by 1.2  M  ; so Theorem 2.5 for0 0
q 0 yields
   q 0  t  q0  1u  c    u . 4.8Ž .2,  M Ž . W Ž .0 0
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2Ž .Then  u L  and so we can apply Theorem 3.5 to get0
  2  u  c  u ; 4.9Ž .W Ž . 2, 0
2Ž .i.e., also in the case uW  .
Therefore, from Remark 1.2, with q q and Lemma 1.3 with q 0 we0
˚ 1Ž .deduce that uW  , whence u is a solution of the homogeneous
Ž .Dirichlet problem associated to 4.7 for q 0, which is uniquely solvable
	 
by 3, Theorem 6.2 .
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